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A nonautonomous periodic piecewise-linear system of second order equations

in the theory of phase synchronization is considered. Boundaries of the region
of existence of a rough homoclinal curve are determined in an explicit form.
The nature of the complex structure change when moving through these boun-
daries is indicated,

In the investigation of specific dynamic systems that are higher than two~dimensional,
one of the difficult problems is that of analyzing systems of complex structure such as
systems with a denumerable set of periodic motions, Interest in such systems is in many
respects associated with the problem of stochastic motions of dynamic systems 1], Me-
thods of complex structure determination which were used in [1— 147 are as follows :
() direct analysis of solutions [9, 10] including numerical methods [11, 12]; (b) the fo-
pological method in dissipative systems [13]; (¢) methods of symbolic dynamics in con-
servative systems {14]; {(d) reduction to circle mapping [1], and (e) the determination
of the rough (as well as nonrough) homoclinal curve [2 — 8].

1, Statement of the problem, Basic results, We consider the system
of equations of the theory of phase synchronization [6] of the form (1. 1) specified in a
nonautonomous cylindrical phase space ¢ in the parameter region D

=y, y=7— 04+ aF @y — F(g) + br () (1.1

B(1) = sin of, F (@) = 1— ¢/ n, ¢ (mod 2x) (1.2)
b)

G = {cp (mod 2m), ¢ <mod *:g—j} , !/}

D={,>20,a>0,b>0, >0, v}

Particular attention is given to the question of existence of complex structure ; the
existence and bifurcation of the denumerable number of periodic motions of the (p, ¢)-
type, i.e. of periodic motions contained in G during time pt after a number of revo-
lutions ¢ >> 0 with respect to @ (p. ¢ are integers) is considered,

We determine the region d, of parameters of system (1. 1) that cprresponds to the ex-
istence of the homoclinal curve which according to [15, 16] guarantees the presence of

structure
et |y — 1 A @) | <& (1.3)
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When in the autonomous system {1,1) b = 0, function v == y, (A, a) corresponds to
the bifurcation of the separatrix loop of that system saddle, which envelops the upper
semicylinder.

In region d, the complex structure is determined by the denumerable set of groups of
periodic motions of the (p, ¢)~type (¢ = 1, 2, ...), each group consists of a denumerable
number of periodic motions (p*, ¢) ofthe (p* - 1, ¢) ~types, The complex structure does
not vanish at exit from region 4, with the change of parameters across the boundary .
(when ¢ <{0) and y_ (when o> 0), where y, = 7oA a) + ¢ and y_ =y, (&, a)—

e, but changes at the boundary, and is then determined by the denumerable set of
groups of (p, ¢) ~type periodic motions (g == 1,2,...). Each of these consists by then of
a finite number of periodic motions of the (p1, 9)s (P, 9)s - - -» (Pirs 9)-types.

In the language of symbolic sequencies generated by two images T and L on the
local and global pieces of the extended region [16] of the homoclinal curve this has the
following meaning. When the homoclinal curve of periodic sequences ... TRLT%,
LT’*LT% ... vanishes with one and the same number of operators L , the period gets a
finite number ( jy, fa, « + +» J& are finite), The denumerability of periodic sequenciesis
obtained owing to the denumerability of the number of periods with a different number
L in each period,

Farther away from the boundary v, (6 << 0) or y_ {g > 0) the complex structure vani-
shes, At the exit from region g, through another part of boundaries v, (¢ > 0) andy_(o <
0) the complex structure also vanishes (at the reserve passage an"  -explosion® takes
place). The existence of complex structures and their bifurcation was obtained here with

the use of methods (2) and (e) described above,

System (1, 1) contains in addition to the described bifurcations also othems similar to
those obtained in {6, 7] which determine the change of the complex structure with peri-
odic motions of the (p, —g) ~type (reverse rotation with respect to @) and the (p, 0) -
type (oscillatory),

Finally, an estimate is given of the capture region of the phase synchronization system
which corresponds to the global stability of system (1. 1).

2, Supplementary definition of system (1,1). For solving this system
we supplement its definition at discontinuity points of function F (¢) by passing to limit
v—0 F(o)= e/v, P.E(— v, v],

(@®—)/(n—¥v), Q&M 2n—"],
We assume that the forced periodic saddle motion of system (1, 1),(2. 1) does not extend
beyond the boundaries of region (v, 2n — v)for v & (0, n). For system (1, 1) this implies
that the limit inequality e << mln{i—- ’Y,fi - ,Y} (2.2)

bV m (2.1

is satisfied,
As the result of passing to limit of v — 0, we obtain that along section (0, 2x] solu-
tions of system (1. 1), (1. 2) are of the form
@=Ce™ + Cpe™ L Asinwt+Beosor+n(d—9y), yv=¢ (23)

1 e bA wbo
S12 =3 LV Fam), A=—free B=mTee (29

The joining of points ¢ == 0 and @ = 2x is carried out as follows:

where
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D if @4y — 0, ) = 2x —0 and ¥y (4~ 0, ) = y; > 2a, the solution is extended
sothat @ (4, ) = +0 and ¥y (&, &) = y (5,—0, ,)—2a;

2) if @ (a0, )= + 0 and ¥ (t; —0, #) < —2q, the solution is extended so that
@ (#1, 3y) = 2n—0 and y (4, 4) = ¥ (4,0, 2) + 2a;

3) if @ (4, —0, t;) = 2x —0(+ 0) and |y (4—0, ;) | < 2a, the solution is extended
by motions of the form ¢ = 0 and y = g (#) which within the finite time ¢* approach
the limit motion ¢ =0 and y = 0 that represents a steady periodic motion,

8, The region of existence of rough homoclinal curve, According
to Poincaré's definition a homoclinal curve is a doubly asymptotic trajectory to a peri-
odic saddle motion, The homoclinal curve is obviously the intersection of separatrix
manifolds of stable and unstable periodic saddle motion, If such intersection is transver-
sal, the homoclinalcurve is called rough [15, 16] and in the opposite case nonrough {191,

Let us determine the conditions of existence of a rough homoclinal curve of the peri-
odic saddle motion of system (1, 1), (1. 2} in the region ge(0, 2n) of the form (2.3)
(Cy= €3 =0) de*

¢* = Asinwi 4+ Beosot + (1 —7v), y*= 4 (3. 1)
Equations of the stable and unstable separatrix surfaces W+ and W- are of the form
Wy =y*@) + 5 (@ — 9*(1) — 2n) (3.2

Wiy = y*1) + s (@ — 9* (1)

(sy corresponds to the plus sign in (2.4)), Manifolds W+ and W~ are extended at tran-
sition through @ = 2a by solutions (2, 3) in conformity with supplemental procedure de-
scribed above,

Let I* and I~ be the curves of intersection of surfaces W* and W~ with the plane
@ = 2n -+ 0 in the phase space G. The relative position of surface W+ and W~ rela-
tive to each other is defined by the relative position of curves I* and I-. Intersection
points of curves I* and I~ correspond to the homoclinal curve of system (1, 1). Let us
denote the equations of the curves I+ and I~ by y* (1) and ¥~ (¢) ,respectively, The
condition of existence of a simple root of equation

-y (=0 (3.3
is equivalent to the condition of existence of a rough homoclinal curve. The substitution
of @ = 2 into the first and second of Egs, (3. 2) yields, respectively, functions y* (),
and ¥~(¢) in the region of parameters d;

b sz + 8'12

72.___— =] >2a (3.4}

an{l4+v—

which satisfy the inequality 7~(¢) > 24. Then, assuming that condition (8. 4) is satisfied
below, from the supplemental process we obtain ¥~ () = ¥~ (1) —2a. As the result (3.3)
is transformed into an equation of the form

7 nh+a o)
sin (0t —a) =3~ V A% 4 w?0? (V—— ﬁ) , @==arctg %~ {3.5)

which has two simple roots in a period when inequalities (1.3) are satisfied, Using the
Neimark~Shil'nikov theorem [15, 16] (the results of [15, 16] and also [19] are readily
transferable to the case of joined systems [20]) we obtain the following statement,
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Lemma 1, In the parameter region 4, system (1, 1) contains a denumerable number
of sets (g =1, 2, ...) each of which consists of a denumerable number of periodic mo~
tions of the (p, ¢) ~type (g is fixed, p = 1, 2, ...), which means that it has a complex
structure,

At the boundary of region d, ((1.3) becomes an equality) the tangency of manifolds
w* and W~ is of the quadratic kind, Furthermore the product of multipliers of the pe=-
riodic saddle motion [19] satisfies the inequalities exp (s; + s2)T —1 < 0(>> 0) when
0 <0 (oc>0).

Thus the conditions of the Gavrilov-Shil'nikov theorem [19], according to which the
complex structure vanishes at transition through boundaries -y = y_ (<< 0) and y =
v, {6 > 0) and is maintained at transition through boundaries y = y_ (v > 0) and vy =
v+ (6 < 0) are satisfied, aithough in that case the intersection of W+ and W- vanishes,
Hence the following statement is valid,
Lemma 2, There exists a p. dependent on parameters such that-system (1. 1) has a

lex struct
complex § cul:emreglonJr_I_p‘/Y S (<D, T — p <y <Y (0> 0) (3.6)

4, Changes of the complex structure, Let us elucidate the changes which
the complex structure undergoes at transition through the boundaries ¥ = y_ (¢ > 0) and
¥ = v+ (0 < 0). For this we shall prove the following lemma,

Lemma 3, System (1,1) can have a denumerable number of periodic motions (p,

g) of the fixed- ¢ type only in the region of existence of the homoclinal curve,

Proof. We denote solutions (2, 3) in which Cy,q 21 expressed in terms of input con-

ditions by formulas (—1)
i s, — sy {(¥o — Aw cos wty + Be sin wty) +
(s, [@o— Asinoty— Beosoty—n (1 — )]}, i=1, 2

bY ¢ = o (t’ tos Doy yo) and Yy = Y (t: tos Po, yo)

The conditions of existence of periodic motions of the (p, ¢)-type are of the form

i

(4. 1)

@ (tyy, b, 0, y; —2a signi) = 2n (4.2)
(sign 0 = 0)
Y (4,0 by 0, y; —2a signi) = Yist
i=0,1,...,9—1, tq=?0+p‘t(\‘t=§(:—>, Yg= Yo+ 20
System (4, 2) consists of 25 equations in 2¢ unknown %4 andy; (i = 0,1, ..., ¢ —1).

The form of functions in (4, 2) (see (2.3) and (4. 1)) implies that that system can have
a denumerable number of solutions only when it has at least one solution, if only for one
At; — oo (i > 0). Setting in (4. 2), for example, Ay — oo, we obtain the system of equa-
tions of the form

esin (mto —a+ % In Qn) =14y _ 2 _—as/, ) Z Q;, (4.3)

eSin(mto—a‘*‘%anqi):v——i-{_ 2(s1—a/m) ZQQIR

§1— 8

S

Q;;= lim exp[—s(; — )k k=
21

Atj—oo

v A=t —t
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(If other A¢; — oo, the corresponding Q;; vanish),

Taking into account the boundedness of the left~hand side of (4, 3), we obtain in the
case of ah <1 the necessary conditions of solution (4,3) | v — vo (A, a) | <& which is
the same as the condition of existence of a rough homoclinal curve (1,3). The lemma
is proved,

From Lemmas 2 and 3 follows the theorem,

Theorem, In the parameter region (3. 6) system (1, 1) has a complex structure that
is formed by the denumerable number of sets of periodic motions of the (p, ¢)-type
(=1, 2, ...)each of which consists of a finite number of periodic motions (7 isfixed
and p is finite),

Vanishing of the complex structure at exit from region (3, 6) with the change of y is
associated with the vanishing of solutions of the system of Egs, (4. 3) of an infinite (de~
numerable) order when ¢ — oo,

As an example, we consider the variation of the number of periodic solutions of the
(p, 1) ~type produced by the variation of parameters,

If ¢= 1 system (4, 2) after elimination of y, assumes the form of equation

(h+a /) (esr.p _ [,ngp) — (s + 53) (E(Sﬁsz)'.p 1)
(81— 89) (€™ — 1) (¢™7P — 1)

Passing in (4.4) to limit p — oo, which means that # = t; + pt — oo, and obtaining
the roots of the derived equation, we find that the number of periodic motions of the
(p, 1)-type of system (1, 1) is denumerable in region d, (see (1, 3)), finite in region
127> v (e <<ah), y<<vy_(a>>nl),and that inregion y < y- (e oA, 1>y >
Y+ (@ > @) the system has no such motions,

gsin(wty—a) =7y -+ (4.9

5, Other structures, The invariance of system (1, 1) with respect to the sub-
stitutions ¢ —» — @,y — —y, y->— ¥, ¢t >t + %/ © results in a symmetric subdivi-
sion of the parameter space relative to ¢ = 0. In particular, region <_ of the form d-:

—¥+ (A, a) <y << —y_ (A, a) which is

7 symmetric to d, and corresponds to the com-
! plex structure formed by the denumerable
set of periodic motions of the (p,—g¢) -type.
Since for small a region d, (d_) encroaches
on region y < 0 (C>0), there exists region

dy = dy [} d_which is determined by the
inequalities d¢: —y- >y > y-, at whose
points the upper and lower pairs of separat-
rix manifolds intersect. Hence in region d,
each of the two unstable intersect each of
the two stable separatrix surfaces that con-
stitute W— and T¢+. This implies that a
complex structure formed by the denumerable set of periodic motions of the (p, ),
(ps—¢) and(p, 0) ~type corresponds to region d,

Regions d,, d.. and d, are shown in Fig. 1 in the plane (A,y) for @ = 0 . Cross sec-
tions ¢ = const of the manifolds W~ and W* which correspond to these regions appear
in Fig, 2.

The estimates of the parameter regions given in [6], and also the symmetry of system

-]

Fig, 1
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(1.1) with respect to substitutions y——y, ¢——t—w0, h—>—% a— —g,
yields a fairly complete picture of subdivision of the parameter space. Below we present
only the information related to the region of global stability of system (1, 1), which in the
theory of phase synchronization is called [5] the capture region,

8, The capture region, In the autonomous case of b = 0 the capture region
dg of system (1, 1) is determined for 0 <{ 0 by the bifurcation of curve y = ¥, (A, @)
(see (1.3 ) that corresponds to the existence of separatrix loop which envelops the up-
per semicylinder, and when ¢ >> 0 by the bifurcation of curve ¥ = y* (A, a) that cor-
responds to the existence of a binary cycle which satisfies the condition y* (, a) =
Yo (A, a) for ¢ = 0 so that dy = {|y| < v (6 < 0), |v]<¥* (6> 0)}. (Function y*@,
a) is the solution of the system of transcendental equations presented in [21, 22]).

Fig, 2

According to the above investigation the capture region of the nonautonomous system
(1. 1) for which the solution @ = 0 at the joint attracts trajectories of the system except
those lying on W+, is determined for ¢ < 0 by the curve y_,i.e.dn ={l7]<7v- (0 <
0)},and for o > 0, satisfies according to [6] the estimate d, Dd* = {{v| <vy* — b}
The estimate of the parameter region in [6] for whose points system (1, 1) contains at
least one periodic motion of the (p, ¢) ~type (g > 0) when ¢ > 0 is of the formy >y*-
b. Hence the exact boundary of the capture region y= y, satisfies for ¢ > 0 the in-
equalities YL — b < yy, < min {y* + b, v.}
and corresponds to bifurcation of the origination of periodic motions of the (p, ¢) ~type
similar to the bifurcation of the binary cycle in the autonomous case b = 0. The region
of existence of the homoclinal curve d, is divided by curve ¢ == 0 into two parts, One
of these, 4, (0 < 0) borders on the capture region and, according to [5],is a region of
quasi-capture, while the second d. (¢ > 0) is separated from region d,, by the region

lying between the bifurcation curves y_ and ¥y, and, consequently, is not a region of quasi-

capture,
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